A polarimetric method for the measurement of linear retardance in the presence of phase fluctuations is presented. This can be applied to electro-optic devices behaving as variable linear retarders. The method is based on an extended Mueller matrix model for the linear retarder containing the time-averaged effects of the instabilities. As a result, an averaged Stokes polarimetry technique is proposed to characterize both the retardance and its flicker magnitude. Predictive capability of the approach is experimentally demonstrated, validating the model and the calibration technique. The approach is applied to liquid crystal on silicon displays (LCoS) using a commercial Stokes polarimeter. Both the magnitude of the average retardance and the amplitude of its fluctuation are obtained for each gray level value addressed, thus enabling a complete phase characterization of the LCoS.
The linear variable retarder is a common electro-optical device that may be used to generate or to detect specific states of polarization (SOP) in systems such as Stokes or Mueller matrix polarimeters [1] [2] [3] . More complex devices, such as parallel aligned liquid crystal on silicon (PA-LCoS) displays [4, 5] or devices such as the liquid crystal-based point diffraction interferometer proposed by Ramirez et al. [6] , can be assimilated to linear variable retarders. Since these electro-optic devices are totally characterized by their linear retardance values, then methods typically used in the characterization of waveplates become available. The most popular are ellipsometric, polarimetric, and interferometric ones [1, 7] .
One property common to all linear retardance characterization methods is that they assume that the birefringence in the waveplate has a constant value, no fluctuations, during the measurement process. In the presence of fluctuations or instabilities, measured for example in modern LCoS devices [8] [9] [10] [11] [12] [13] these methods may provide erroneous results [14] . Furthermore, the amplitude of the retardance fluctuation becomes a magnitude of interest for a more accurate characterization and modeling of the device under test. Recently some techniques have been demonstrated by our group [14] and by Ramirez et al. [15] , based respectively on the classical linear polarimeter and in a combination of linear and circular polarimeters.
In the present Letter, we provide a more general framework to analyze the existence of fluctuations in the retardance of variable linear retarders, which may be directly applied to the widely used PA-LCoS devices. We use the Mueller-Stokes formalism and through this analysis we demonstrate a straightforward calibration technique, based on a conventional Stokes polarimeter, to measure the average retardance and the magnitude of its fluctuation amplitude as a function of the applied voltage. We further demonstrate the predictive capability of this theoretical framework and its associated calibration methodology. First, we will introduce the theoretical framework. Then, average retardance and flicker will be experimentally calibrated for a commercially available PA-LCoS, using a commercial rotating waveplate Stokes polarimeter. Eventually, predictive capability of our proposal will be demonstrated by comparing experimental and simulated results.
The methodology that we propose is based on the Mueller-Stokes formalism [1] , which enables one to deal both with polarized and with unpolarized light. A number of electro-optic devices, such as PA-LCoS displays, can be modeled as a variable retardance waveplate, whose linear retardance Γ depends on the voltage applied. Specifically, the Mueller matrix M R Γ of a linear retarder with a retardance value Γ, with its fast axis along the x axis, is given by
This well-known expression considers a constant value for the retardance. In order to incorporate the existence of fluctuations or instabilities, let us consider a triangular profile for the variation of retardance with time Γt. This is a reasonable assumption in the case of PA-LCoS as can be seen from the instantaneous measurement plots shown in a number of papers [9,-14] . Furthermore, the triangular time-dependent profile represents actually a linear model, thus, the first option to try before more complex approaches may be proven necessary. The triangular profile can be analytically expressed by the following equation:
whereΓ and a are respectively the values for the average retardance and its fluctuation amplitude, and T is the period for the fluctuation instability.
Using the linear time-dependent fluctuation model we can calculate a more general expression for the Mueller matrix of the linear retarder. Typically fluctuations, if existent, are considerably faster than the integration time of detector systems; thus the expression of interest in most applications is the averaged Mueller matrix for the linear retarder. Thus, we need to calculate the average values for the cosine and the sine functions in Eq. (1):
hsin Γti sin a∕a sinΓ:
Taking into account Eqs. (3) and (4) we can describe our averaged matrix for the linear retarder as
This expression provides a more realistic and precise model of the linear retarder, where the average retardance and its fluctuation need to be characterized. Now we are interested in analyzing the output SOP, produced by a linear retarder fulfilling Eq. (5). Two different working geometries may be considered for electro-optic devices: in transmission and in reflection. In the latter case, an inversion of the horizontal axis is produced between the corresponding forward and the backward (right-handed) reference systems, which in the Mueller-Stokes formalism is expressed by the inversion matrix as follows:
Then, in the case of reflective devices, the averaged output SOP can be calculated as follows:
For transmissive devices, no inversion matrix needs to be considered. The resultant average Stokes vector is
where the Stokes components for the input SOP are S 0 , S 1 , S 2 , and S 3 . The plus and minus signs before the third and fourth Stokes components apply for transmissive and reflective devices respectively. Let us calculate the degree of polarization (DoP) for this average output SOP:
We note that the DoP depends on the input SOP and on the amplitude a of the fluctuations, but it does not depend on the average retardanceΓ. According to the model proposed, Eqs. (5), (8) , and (9) provide all the information necessary to calculate the performance of the electro-optic device under test and the resulting output light wavefront.
In the rest of the Letter, to simplify the discussion, we will restrict our attention to reflective devices, which means that in Eq. (8) we have to consider the minus sign accompanying the third and fourth Stokes components. Extension to transmissive devices is then straightforward. Now let us take a closer look into Eqs. (8) and (9): We may find specific input SOPs that may prove useful to measure the two parameters in the model,Γ and a. In this sense, if the beam impinging the retarder corresponds to linearly polarized light at 45°with respect to the X axis, i.e., (S 0 1, S 1 0, S 2 1, S 3 0), the average SOP and DoP at the output will be expressed as follows:
DoP sin a∕a:
We note that the output S 1 component is zero independently of the retardance and its fluctuation amplitude. The expression for DoP is also straightforward and is directly related with the fluctuation amplitude. Equations (10) and (11) can be used to measure both the average retardance valueΓ and its fluctuation amplitude a. This can be easily accomplished using Eq. (11) to obtain the fluctuation amplitude a, and the ratio between the third and fourth Stokes vector components, i.e., −hS 3 i∕hS 2 i tgΓ, to obtainΓ.
The model and the accompanying calibration technique that we propose in this Letter may be applied to any device that can be modeled as a variable waveplate retarder. Specifically in this Letter, we analyze a commercial PA-LCoS display, model PLUTO distributed by the company HOLOEYE. It is a nematic liquid crystal filled, with 1920 × 1080 pixels and 0.7 inch diagonal. It is electronically configured to obtain a 360°retardance range at the 633 nm wavelength.
The polarimetric measurements have been obtained with a Stokes polarimeter, model PAX5710VIS-T distributed by the company THORLABS. This is a rotating waveplate-based polarimeter, which belongs to time-division mode polarimeters [16] . They are not able to provide reliable instantaneous values if the SOP is changing more rapidly than its measurement time interval. In particular, the polarimeter is able to provide the values for the Stokes vector after half a rotation of the waveplate, which corresponds to a measurement time interval of 3 ms (maximum rotation frequency is 333 Hz). On the other hand, the software allows the measurement time interval to be enlarged to obtain an averaged signal. When enough rotations are considered, and if the periods of fluctuation and half-rotation are not multiple, then for each angular position of the rotating waveplate the amount of samples collected is representative of the time-varying SOP generated by the fluctuations in the device. Taking into account that the time period (frequency) for the fluctuations in our PA-LCoS device is 8.66 ms (120 Hz), we have tried different averaging time-interval options with the polarimeter software. The polarimeter averaging time considered in the paper, 600 ms, is much larger than actually needed to obtain fully stable and repeatable SOP measurements.
In Fig. 1 we show the average Stokes vector components and the DoP measured with the Stokes polarimeter as a function of the gray level value addressed onto the LCoS device. The LCoS setup includes an input polarizer with its transmission axis at 45°with respect to the laboratory vertical (x axis for the right-handed system used in this work). The unexpanded beam of a fully polarized He-Ne laser impinges quasi-perpendicularly to the LCoS, at 3°incidence angle to separate the input and the reflected beam. The director axis of the LCoS is along the horizontal. Typically, the director axis in nematic devices corresponds to the slow axis. From the results in Fig. 1 we note that parameter S 1 is close to zero in clear confirmation of the predicted result in Eq. (10) . Values measured for DoP vary between 1.003 and 0.939 as gray levels increase. Some depolarized light may be produced by scattering or multiple reflections [8] . This was measured with the LCoS switched off and DoP values higher than 1 were obtained, so this origin for unpolarized can be disregarded in the present case.
In Fig. 2 , we plot the calculated average retardance and its fluctuation amplitude. We observe that the retardance range is about 360°with a very good linearity. The fluctuation amplitude is close to 0°for lower gray levels and increases to about 35°for higher gray levels. The various jumps encountered in the fluctuation amplitude reveal the pulsed nature of the digital signal addressed onto the LCoS. For DoP > 1, nonphysical values, we have considered that fluctuation amplitude is 0°.
Once the retardance and its fluctuation magnitude have been calibrated, we can apply these values in Eqs. (5), (8), and (9) to predict the output Stokes vector for any input SOP. To this goal we have measured the reflected SOP for an incident light beam linearly polarized at 15°with respect to the lab vertical. In Figs. 3 and 4 we plot respectively the normalized Stokes parameters and the DoP and both the experimental (dotted lines) and the simulated (continuous lines) values are compared.
We see that there is a very good agreement between the model and the experimental results. In Fig. 3 we note the constancy of the S 1 component and the oscillatory behavior of S 2 and S 3 components, in accordance with the expression in Eq. (8) where the retardance affects the third and fourth components through the cosine and sine functions. In Fig. 4 we also see how the model is able to predict the DoP with a good accuracy across the whole gray level range. This is a very important result since this proves the enhanced validity of the model proposed in Eq. (2) for the time fluctuations. Therefore, the calibration performed enables a full prediction of the average output SOP.
For a more complete analysis of the predictive capability of our model, we have also obtained measurements for a circularly polarized incident light beam. In particular, we have measured the reflected SOP for right-handed circularly polarized light, i.e., (S 0 1, S 1 0, S 2 0, Once again, we find very good agreement between experiment and simulation. In the present case, we note that the expression for the output SOP greatly simplifies
The DoP dependence turns out to be the same as for the input SOP used for calibration, i.e., Eq. (11). Circularly polarized light could also be a good option to be used for calibration purposes. However, it is more robust to generate linearly polarized light so that no additional polarization elements, such as a quarter wavelength waveplate, are necessary. We note that both configurations, linear at 45°(−45°) and circular right-handed (left-handed), are the most sensitive input SOPs, since they provide the largest oscillation amplitude in the measurement of the third and fourth Stokes components, as can be seen in Figs. 1 and 5 , together with the maximum variation of the DoP, shown in Fig. 6 .
In conclusion, we have demonstrated a polarimetric method able to predict the performance of modern electro-optical devices showing retardance instabilities. We have extended the applicability of Stokes polarimetry to the characterization of these devices by a proper averaging process. This enables a fast and simple approach for full phase and flicker evaluation across the whole applied voltage range. From a more general perspective, having a stochastic model for the polarization behavior may help, on one side, to refine the understanding of the dynamics of liquid crystal devices and, on the other side, to widen their applicability in polarization control, as with experiments dealing with unconventional polarization states [17] . 
